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PROBLEMS

Proposed by D. M.
For an acute ABC, prove , where the sums are over all cyclic permutations of (A, B, C). Cluj-Napoca, Cluj-Napoca, Romania. Find the value of
Proposed by Ovidiu Furdui, Technical University of
where n is a positive integer. Díaz-Barrero, Universitat Politécnica de Catalunya, Barcelona, Spain. http://dx.doi.org/10.4169/college.math.j. 43.5.410 Let a 1 , a 2 , . . ., a n be nonzero real numbers. Prove that ,
Proposed by José Luis
where a n+1 = a 1 .
Proposed by Yagub N. Aliyev, Qafqaz University, Absheron, Azerbaijan.
Let D and E be arbitrary points on sides BC and AC of a triangle ABC and n be a positive, real number. Let [· · · ] denote the area of triangle · · · .
(a) Prove that if n 2 > n, then
[BDE] Let f be a continuous real-valued function on [−1, 1] differentiable at 0. Consider the sequence {a n } n≥1 defined by a n = N (n)
where N (n) is the number of perfect squares between n 3 and (n + 1) 3 . Show that
SOLUTIONS A constant function with arcsin
Proposed by Andrew Simoson, King College, Bristol TN.
Show that
Solution by Paul Deiermann, Southeast Missouri State University, Cape Girardeau MO.
We prove a more general result:
, and −
The proposed problem is the case a = 1 2 and h = 3, when the constant is . Let
Note that the expression , which implies that 0 < θ + + θ − ≤ π .
Letting θ ± be an angle of a right triangle with the lengths of the hypotenuse and opposite side (1 − a 2 )x 2 + a 2 h 2 and a
, respectively, we have
which gives Let the triangle ABC, with inradius r and circumradius R, be such that the angle at A is either a right angle or obtuse. Prove that for all −1 ≤ p ≤ 1 we have
where m p (b, c), the mean of order p of b and c, is defined by
Solution by George Apostolopoulos, Messolonghi, Greece; Michel Bataille, Rouen, France; and Michael Vowe, Therwil, Switzerland (independently) .
It is well-known that, for fixed b and c, the function m p is increasing on R. Thus, it suffices to show that
and
Let s, , and α be the semiperimeter, area, and the angle at vertex A of ABC, respectively. Since α ≥ 
.
and hence inequality (1) holds. Since
, inequality (2) 
An integral inequality
Proposed by Duong Viet Thong, National Economics University, Hanoi City, Vietnam.
Let f be a nonnegative continuous function on [0, 1] and k ≥ 1 be an integer. Prove that if
for all α ≥ 0 and β ≥ 1.
Solution by Elias Lampakis, Kiparissia, Greece.
We prove the more general result: suppose f is a nonnegative continuous function on [0, 1], k ≥ 1 is an integer, α ≥ 0, and β ≥ 1 are reals. If
First, we prove a lemma.
Since λ = k(β − 1), we have the following result:
for all x ∈ [0, 1]. By the weighted version of the arithmetic-geometric mean inequality,
and inequality (1) follows. We prove the second part of (2) using (1) and Fubini's Theorem as above. 
Finally, we prove the first part of (2) by the weighted arithmetic-geometric mean inequality and the second part of (3) that we have already proved: Since
The first part of (2) 
Equalities with the incenter, circumcenter, and orthocenter
Proposed by Jerry Minkus, San Francisco CA.
Let α, β, and γ be the angles of triangle ABC at A, B, and C, respectively. Let I be the incenter, O the circumcenter, H the orthocenter, and R the circumradius of ABC. Let d = |I O| and e = |I H |. . Show that
Solution by Kevin Greeson and John Zacharias, Merritt Island FL; Peter Nüesch, Swiss Federal Institute of Technology, Lausanne, Switzerland; and Michael Vowe, Therwil, Switzerland (independently) .
It is well-known (e.g., Mitrinovic et al., Recent Advances in Geometric Inequalities, Dordrecht, 1980, pp. 55-56 ) that
where s and r are the semiperimeter and the inradius of ABC, respectively, and the sum and product are over all cyclic permutations of (α, β, γ ). Therefore,
and (2), we have 
Properties of a sequence
Proposed by James Duemmel, Bellingham WA.
Motivated by the well-known inequality
(a) Show that for every odd positive integer n ≥ 3 there is a unique negative real number x n such that G n (x n ) = 0. (b) Prove that the sequence x 3 , x 5 , x 7 , . . . is convergent and find its limit x ∞ . (c) Verify that for all positive integers n, even and odd, (1 + x) n ≥ (1 + nx) for x ≥ x ∞ and that x ∞ is the smallest number for which this statement is true.
Solution by Eugene Herman, Grinnell College, Grinnell IA.
We generalize by replacing the integer n with a real number u. Note that when n is an odd integer,
Hence, in place of G n (x), we introduce 
Hence, letting u → ∞ yields ln(y ∞ − 1) = 0 and so y ∞ = 2. If u = n, a positive odd integer, then x ∞ = −y ∞ = −2.
